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SYMMETRIZABLE AND RELATED SPACES

BY

PETER W. HARLEY III AND R. M. STEPHENSON, JR.(!)

ABSTRACT. A study is made of a family of spaces which contains the

symmetrizable spaces as well as many of the well-known examples of perfectly

normal spaces.

1. Introduction. For some time mathematicians have been interested in the

questions:  Is every perfect compact Hausdorff space hereditarily separable? (As

in [HM], a space will be called perfect if each of its closed sets is a G6.) If each

discrete subspace of a compact Hausdorff space is countable, is the space heredi-

tarily Lindelöf? Is every regular, perfect, countably compact space compact? (For

some recent results concerning these questions, see [0], [T], [W], and [JKR].)

In this paper we define and study a family F of spaces for which each of

these questions has an affirmative answer. It wiU be seen that F is quite large and

that, consequently, the results obtained wiU apply to all semimetrizable spaces and

all symmetrizable spaces (defined below) and to a number of familiar examples,

e.g., the Michael line, the Sorgenfrey line, and the top and bottom of the lexi-

cographically ordered square.

In §2 F is defined, and some properties of spaces in F are derived, includ-

ing a simple example of a symmetrizable space in which no point is a G6. In §3

proofs are given that every countably compact space in F is compact, and that a

space A" in F is hereditarily Lindelöf if and only if each discrete subspace of X is

countable. These two theorems strengthen analogous results of S. Nedev [Nl] ob-

tained for symmetrizable spaces. We also prove that a first countable Hausdorff

space in Fis hereditarily separable if and only if it is hereditarily Lindelöf, and

A. V. Arhangel'skiï's theorem [A2, p. 126] that a compact Hausdorff symmetriz-

able space is first countable (and hence metrizable) is extended to: Every compact

Hausdorff F-space is first countable.  §4 contains a family L of hereditarily sepa-

rable compact Hausdorff F-spaces such that | L I > exp(n0) and no two spaces in

L are homeomorphic. Using L, one can obtain an F-analogue of the theorem of
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V. Filippov [Fl ] that there exists no universal perfect compact Hausdorff space.

§5 contains an example of a separable compact Hausdorff F-space in which there

is a discrete subspace of cardinality exp(K0). In the final section, some suitable

restrictions are considered under which symmetrizabiUty is countably productive,

and under which necessary and sufficient conditions can be given that a product

space be an F-space. We conclude the paper by proving that for a symmetrizable

space X in which each point is a regular G6, X is locaUy compact if and only if

for every symmetrizable Hausdorff space Y, X x y is symmetrizable.

2. Some examples and properties of F-spaces. For a topological space X,

we will write X E F and say that X is an f-space if there exists a mapping B: N x

X—► V(X), where V(X) denotes the power set of X, satisfying the following con-

ditions.

(i) Each F(n + 1, x) C B(n, x) and {x} = fl {B(i, x)|i G N}.

(U) A set V CX is open if and only if for every x G V, there exists « G N

such that B(n, x) C V.

(in) For each closed set F and point x G X\F, there exists i G N such that

for every point y G F(i, x)\{x}, there exists k(y) E N for which {x, y} is not con-

tained in \J{B(k(y),f)\fEF}.
Any mapping B: N x X —> ?(X) such that (i), (ii), and (m) hold wiU be

caUed an V-system for the space X, and given a set F C X, we wiU write B(k, F)

for \J{B(k,f)\fE F}. An F-system B for X WiU be caUed a neighborhood F-

system for X if each Bin, x) is a neighborhood of x. A space that admits a

neighborhood F-system is said to be a neighborhood F-space.

Conditions (i) and (U) just require that every F-space satisfy the weak first

axiom of countability of Arhangel'skiï [A2, p. 129] and be a Tx -space. Note

that every mapping B: N x X —*■ PiX) satisfying (i) determines a unique topology

pn X such that (U) is satisfied. Condition (in) is a weakening of the property of

any metric space that each point x has a neighborhood base {Bin, x)\n E N} satis-

fying x G Bin, y) if and only if y G Bin, x). Let us now give some examples of

spaces belonging to F.

In Examples 2.1 and 2.2, conditions (i), (ii), and (iii) are easily satisfied for

obvious choices of Bin, x).

Examples 2.1. Let M be the Michael Une, the set R, topologized as foUows

each point of F\Q is isolated; a basic open neighborhood of a point q E Q is any

open interval containing q.

Example 2.2. Let S be the Sorgenfrey line, that is, R with the topology

induced on R by all sets of the form [x, y).

Example 2.3.  Let L = [0, 1] x {0, 1}, and caU a subset V of L open if

and only if V is a union of sets of the form
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Ln(((x,y] x {0})U([x,y)x {1})),

i.e., let L have the topology it inherits from the lexicographicaUy ordered square.

For n G N and jc G [0, 1], define

B(n, (x, 0)) - {(jc, 0)} U (L n ((jc - 1/«, jc) x {0, 1})),

B(n, (x, 1)) = {(jc, 1)} U (L n ((jc, jc + 1/«) x {0, 1})).

Clearly, conditions (i) and (ii) are satisfied, and for an isolated point, (in) holds

vacuously. For a nonisolated point p — (jc, y), if one takes F = L\B(n, p) and i

G N with / > «, then the conclusion of (hi) is satisfied for any point (jc', y) E

B(i, p)\{p} and A: G N for which 1/ifc < min{ 1/n - 1//,|jc - jc'|}.

Example 2.4. Let F be the double interval of Alexsandrov, the set [0, l]

x {0, 1}, topologized as foUows:  each subset of [0, 1] x {0} is open; if jc G

[0, 1], then a neighborhood of the point (jc, 1) is any set V(U) = ((lA{x}) x {0})

U (U x {1}), where U is a neighborhood of jc in the usual topology on [0, 1].

For « G N and jc G [0, 1], \etB(n, (jc, 0)) = {(jc, 0)}and B(n, (x, 1)) = V(U) for

U={tE [0, l]||jc-f|<l/«}.

Each of the examples above is a neighborhood F-space. The next one is not.

Before we describe it, a definition is needed.

A symmetric for a topological space A" is a mapping d: X x X —*■ [0, °°)

such that

(1) For all x.yEX, d(x, y) = d(y, x), and d(x, y) = 0 if and only if

x=y.

(2) A set V C X is open if and only if for each jc G F there exists n G N

such that V contains the set B(n, x) = {y E X\d(x, y)<l/n}.

A space X which admits a symmetric is said to be symmetrizable, and if, in

addition, each B(n, x) is a neighborhood of jc, then X is said to be semimetrizable

and d is caUed a semimetric for X. Equivalently, X is semimetrizable via d pro-

vided that for jc G X, A C X, and d(x, A) = inf{c?(jc, a)\a E A}, the condition jc

G A if and only if d(x, A) = 0 is satisfied.

It is easy to check that every symmetrizable space is an F-space, and that,

conversely, every space X with an F-system B satisfying, for aU jc, y G X and

«GN,

(in)' jc G B(n, y) if and only if y E B(n, jc), is symmetrizable. (To verify the

latter assertion, put d(x, jc) = 0, and for y =¿ jc, d(x, y) = 1 /min{ « \y £ B(n, jc)}.)

Later in this section short proofs wiU be given that none of Examples 2.1-

2.4 is symmetrizable (this fact is probably fairly weU known-e.g., see R. W. Heath

[H, p. 154]). The next example is a symmetrizable Hausdorff space which is not

semimetrizable (a similar example appears in [A2, Example 2.2]).

Example 2.5. Let H = R, topologized as foUows:  For jc G R\{0}, a neigh-

borhood of jc is any open interval containing x. A neighborhood of 0 is any set
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of the form

{0}U (J{(z - aiz), z + aiz))\z EZ,\z\>n, and a(z) > 0},

where n G N. Let d: H x H —► [0, °°) be such that dix, y)= \x — y I for xy =£ 0;

diz, 0) = d(0, z) = l/|z| for z G Z\{0}; d(x, 0) = ¿(0, x) = 1 if x $ Z; and

d(0, 0) = 0.

The space H is symmetrizable via the symmetric d. Since 0 does not have

a countable neighborhood base, H cannot be a neighborhood F-space.

Let us recaU that a topological space X is said to be Fréchet provided that

for every AC X and point x G A there exists a sequence {«„} in A such that

fl„-+x.

If AT is a space with F-system B, we wiU say that a sequence {x„} in X B-

converges to a point x E X if for each iw G N there exists kEfi such that for all

n E N with n>i,x„eF(/w, x). The mapping B wiU be said to satisfy (*) pro-

vided that for every sequence {xn} and point x in .Y, if {x„} converges to x, then

{xn} also F-converges to x. (Clearly, if {xn} F-converges to x then always {x„}

converges to x.)

Theorem 2.6. Let X be an T-space via B.  Then the following hold.

(a) F is a neighborhood f '-system for X if and only ifX is Fréchet and B

satisfies (*).

(b) If every compact subspace ofX is closed, then B satisfies (*).

(c) If X is Hausdorff, then B is a neighborhood T-system for X if and only

if X is Fréchet.

Proof. The proof of (a) is straightforward, and (c) is an immediate conse-

quence of (b).

To establish (b), suppose there exist a sequence {x„} in X and a point x G

X such that x„ —*• x but {xn} does not F-converge to x. Passing to a subsequence

if necessary, we may assume that there is an m G N with C n B(m, x) = 0,

where C is the set of values of {x„}. If the compact set K = C U {x} is closed,

then for each point y G X\K there exists k(y) with C n B(k(y), y) = 0, but

then it would follow from condition (ii) and the equation X\C = B(m, x) U

\J{B(k(y), y) \y E X\K} that C is closed, whereas x £ C and xn —► x.

We observe that if d is a symmetric for X and B(n, x) = {yE X\d(x, y) <

l/n}, then (*) is equivalent to the following: xn —»■ x impUes d(xn,x) —* 0.

Remark 2.7. Since the space H in Example 2.5 is symmetrizable and

Hausdorff but not semimetrizable, it follows from Theorem 2.6 that H is not a

Fréchet space. In particular, one can show that 0 is in the closure of F\Z, but

that no sequence in F\Z converges to 0. For if there were such a sequence

{x„}, then we would have d(xn, 0) —► 0 by Theorem 2.6, whereas d(0,H\Z)= 1.
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A subset A of a space X is said to be sequentially closed if for every se-

quence {an} in A and point x E X, if an —> x then xEA. If every sequen-

tiaUy closed subset of AT is a closed subset of AT, then X itself is a sequential

space.

While not every F-space is Fréchet, at least the foUowing is true.

Theorem 2.8. Every f-space is a sequential space.

In fact, every weakly first countable space is sequential.

Notation.  Given an F-system F for a space X, a subset Y of X, and a point

y E Y, By(n, y) wiU denote Y n B(n, y).

Theorem 2.9. Let X be a space having an F-system B, and let Y be a

subspace ofX.  Then BY is an F-system for Y if any of the following conditions

is satisfied.

(a) F is a neighborhood F-system for X.

(b) Y is open or closed in X.

(c) Y is a sequential space and B satisfies (*).

Proof. Clearly, for any subspace Y, BY satisfies (i) and (ni).

To see that BY satisfies (ü), consider any open subset V of Y. Choose an

open subset W of X such that W n Y = V, and for each xEW choose «(jc) G N

with F(«(jc), jc) C W. Then for every point vEV,  VD BY(n(v), v).

Conversely, suppose that F is a subset of Y such that for every point y G

Y\F there exists m(y) with BY(m(y), y)C\ F = 0. We wish to show that if (a),

(b), or (c) holds, then F is a closed subset of Y.

If (a) holds, then Y\F is obviously an open subset of Y.

(b) If y is open, choose, for each y G Y\F, an integer p(y) > m(y) for

which B(p(y), y) C Y. Then Y\F = U {B(p(y), y) \y E Y\F}, so Y\F is an open

subset of X. If Y is closed, choose, for each jc G X\Y, an integer m(jc) for which

F(ot(jc), x)HY=0. Then X\F = \J{B(m(x), x)\x E X\F} and X\F is an open

subset of X.

(c) It foUows from (*) and the existence of the numbers m(y), y E Y\F,

that F is a sequentially closed subset of Y. Hence F is a closed subset of Y.

Thus condition (ü) holds, and BY is an F-system for Y.

While membership in F is hereditary for first countable Hausdorff spaces, an

analogous result does not hold for aU Hausdorff spaces.

Example 2.10. Let H be as in Example 2.5. Take A = H\Z and Y - {0}

U A. Then A is a sequentiaUy closed but not closed subset of Y, so by Theorem

2.8, r^F.

Remark 2.11. Let IV = {0} U N U {m + \¡n\m, « G N, « > 2}, with the

topology it inherits as a closed subspace of H. In the study of symmetrizable
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spaces which faU to be semimetrizable, the spaces H and W are quite useful, have

many properties in common, and arise naturaUy—see Lemmas 6.10-6.11 and

[FH]. Several other authors have independently noticed the usefulness of a

space, caUed M in [F3], which is homeomorphic with W—see [Al] and [F3] ;

specifically, our observation that W is a sequential space and that no sequence in

1V\N converges to 0 was also made in [F3, Example 5.1].

The next example shows that (*) cannot be eliminated from (c) of Theorem

2.9, even for a first countable space.

Example 2.12. Let D = N, with the cofinite topology. Define d: D x D

—* [0, °°) by: for each n, d(n, n) = 0; for m^n, d(m, n) = 1 if both m and n

are even integers, and, otherwise, d(m, n)= l/|m — n\.

It is easy to see that D is symmetrizable via d; however, if Y is the set of

even integers in D, then d induces the discrete topology on Y. Hence, by Theo-

rem 2.9, since D is first countable, d does not satisfy (*) and d is not a semi-

metric for D. In particular, 2« —► 2 but d(2n, 2) -f* 0.

If one defines d': D y. D—+ [0, °°) by the rule d'(m, n)= 1/ \m — n | if

m ¥= n, and d'(m, m) = 0, then d' is a semimetric for D.

It is natural to ask if there is a symmetrizable space C such that no F-

system for C satisfies (*). According to Theorem 2.6(a) one could establish the

existence of such a space by finding a symmetrizable Fréchet space having no

neighborhood F-system. We now give a simple example of such a space C which

also has the property that no point of C is a G6. As far as the authors know,

this is the first known example of a symmetrizable space with the latter property

-an example of a symmetrizable space containing one point that is not a Gs

was given by D. Bonnett in [B2]. (While another example in [B2] showed that

not every Hausdorff symmetrizable space is perfect, it is apparently stiU not

known if there is a Hausdorff symmetrizable space containing a point that is

not a G6.)

Example 2.13. Let Cbe the space consisting of the countable ordinals,

with the cofinite topology. Then C is a symmetrizable Fréchet space in which

no point is a Gs.

Proof. Obviously C is Fréchet and has no G6 points.

A symmetric for C wiU be constructed by transfinite induction. Let b G C

and suppose that we have already defined a one-to-one mapping fa of [0, a] into

N for each a EC with a < b. To define fb, if b = c + 1 for some c, then let

fb: [0, b] —*• N be determined by the rule/6(ft) = 1 and/ö(a)=/c(a) +1 for each

a < b. In case b has no immediate predecessor, just take fb to be a one-to-one

mapping of [0, b] into N. Next define d: C x C -* [0, °°) by

d(a,b) = d(b,a)=\°Jf\=bf     .h
il/A(a)  if a < ft.
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In order to prove that the space C is symmetrizable via d, it suffices to

show that if F is a subset of C with d(c, F) > 0 for every c G C\F, then either

F is finite or F = C.

Case 1. There exists t EC with F D {jc G C|jc > f}. Then, clearly, for any

c<t, d(c, {t + /|i G N}) = 0, so c G F and F = C.

Case 2. Suppose that no such f exists. Then either F is finite or there

exists c E C\F such that F O [0, c) is infinite. But for such a point c,

/C(F n [0, c)) would be infinite and one would have d(c, F) = 0. Thus F must

be finite.

Let us now note why none of the spaces in Examples 2.1-2.4 is sym-

metrizable. Since each is first countable and Hausdorff, it suffices, e.g., by Theo-

rem 2.9, to show that each space fails to be semimetrizable. That these familiar

examples are not semimetrizable is probably known to many; in any case, for

completeness and also for later use, we include the following short proofs.

It is well known that Examples 2.3 and 2.4 are compact but not second

countable (although the space L is perfect and hereditarily separable). Since by

a result of Niemytzki [N2] (see also Theorem 3.13) every compact Hausdorff

semimetrizable space is metrizable, neither L nor E admits a semimetric.

In the Michael line M the closed set Q cannot be a G5, for if Q were, then

it would also be a Gs with respect to the usual topology on R. On the other

hand, it is known (and easy to check) that if a neighborhood F-system B satisfies

condition (in)', then for each closed set F,

F = flíinterior ofB(n, F)\n E N}.

For the Sorgenfrey line S, suppose there exists a neighborhood F-system B

satisfying (hi)'. Then for each s ES there exists A:(s) G N such that B(k(s), s)

and the closed set (—°°, s) are disjoint.  Choose A: G N such that the set Y =

{s\k(s) = k} is uncountable. Then by (in)' each F(A:, y), y G Y, contains exactly

one point of Y, which is impossible since S is hereditarily Lindelöf.

3. Equivalence of separability and compactness conditions in F-spaces. Ex-

amples show that spaces in F can be quite different from metrizable spaces. Ex-

ample 2.3 is perfect and compact Hausdorff but not second countable (for some

other spaces of this type, see [V]); the space in Example 2.4 is compact Haus-

dorff but has uncountably many isolated points; and Example 3.12 is a non-

compact, perfect, zero-dimensional Moore space in which every locally finite sys-

tem of open sets is finite. We wiU prove below, however, that, as is the case with

metrizable spaces, quite a number of generalizations of compactness are equiva-

lent concepts for F-spaces.

A space is caUed Hx-compact if each uncountable subset has a limit point.

A subset Y of a space X wiU be caUed a discrete subspace of X if Y, with the

subspace topology it inherits from X, is a discrete space. If F is an F-system for
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X, then a subset y of A" is said to be B-k discrete, where k E N, provided that

whenever y,z EY with y ¥=z, then y ÇÉ F(/r, z) and z £ F(fc, y).

Lemma 3.1. Let X be an #x-compact space with F-system B.  Then every

closed B-k discrete subset Y of X is countable.

Proof. Suppose that y is uncountable.  Since Xis X,-compact, Y has a

limit point p, and since Y is closed, p must be in Y.

Now Y\{p} is not closed, and the subspace Y admits BY as an F-system

(by Theorem 2.9), so it foUows from condition (ii) of the definition of an F-sys-

tem that each BY(n, p) n (y\{p}) * 0. In particular, B(k, p) D (Y\{p}) ¥> 0,

which contradicts the assumption that Y is B-k discrete.

Lemma 3.2. Let X be an Hx-compact space with f-system B. Suppose that

(C, <) is a well-ordered subset of X for which there exist open subsets V(x) of X,

x EC, such that for each xEC and n E N:

(1) x G V(x);

(2) iftECn V(x) then t<x; and

(3) there exists y E B(n, x) with y^xand with y Ö \J {V(t) \t < x}.

Then C is countable.

Proof. Let us suppose that there exists an uncountable subset C of X for

which the statements above hold.

For each x EC choose n(x) E N such that B(n(x), x) C V(x), and select an

i'(x) > nix) provided by condition (iii) of the definition of an F-system, where (iii)

is applied to the point x and the closed set X\ V(x). Choose an i G N so that the

set Yil) = {x G C|i(x) = i} is uncountable.

For each x G y(l), it foUows from (3) above that there exists y(x) E

B(i, x)\{x} with y(x) £ LKHOU < x}. Then by (iii), for each x G y(l), there

exist k(y(x)) G N and z(x) G {x, y(x)} such that z(x) $B(k(y(x)),X\V(x)).

Choose k E N so that Y(2) = {z(x)\k(y(x)) = k} is uncountable.

Now each z(x) E Y(2) is in the open set V(x) (since y(x) E B(i, x) C

B(n(x), x) C V(x)), so there exists /(x) > k with F(/(x), z(x)) C V(x). Select / G

N with Y = {z(x) G r(2)|/(x) = /} uncountable.

Let us now observe that the set Y is B-j discrete. For consider any z(x) and

z(x') in y with x < x'. Because B(J, z(x)) C V(x) and z(x) $ V(t) for any t < x',

it follows that z(x) $B(j, z(x)). Similarly, since z(x) &B(k, X\V(x)) and z(x) G

X\V(x), and since / > k, we have z(x) $B(j, z(x')).

By Lemma 3.1, y cannot be closed. Thus there is a point ft EX\Y such

that every Bim, ft) O Y ¥* 0. It foUows from this and from the choice of k that

ft G Uí Hx)Uix) é Y}, for, otherwise, one would have Bik, ft) n Y = 0.

Let e be the first element of C for which z(e) G y and ft G K(e). Choose
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any p E N such that p > k, B(p, b) C V(e), and z(e) <$ B(p, b). Then B(p, b) n

Y = 0, which is a contradiction.

For symmetrizable spaces, the next theorem is known [Nl].

Theorem 3.3. Let X be an F-space.   The following are equivalent.

(a) X is Kx-compact.

(b) X is a Lindelöf space.

Proof, (b) implies (a) is well known to be true for arbitrary spaces.

Suppose that X is N,-compact but not Lindelöf, and let 1/ be an open cover

of X which has no countable subcover. Let B be an F-system for X. Then there

exist points jc(a) and sets V(a) E f such that, for each countable ordinal a:

(1) x(a) E V(a);

(2) if a < b then jc(¿>) $ V(a); and

(3) for each n E N there exists .v G B(n, x(a)) with y =£ x(a) and with y $

\J{V(b)\b<a}.

For suppose that c is a countable ordinal, and we have chosen points jc(a)

and sets V(a) E \J satisfying (l)-(3) for all a < c. We wish to define jc(c) and

V(c) so that (l)-(3) hold for all ordinals a < c.

Let V = \J{ V(a)\a < c). Since V is a union of a countable subcollection of

V, X\V must be uncountable and hence have a limit point p. Because B induces

the subspace topology on the closed set X\V, it follows that each B(n, p) n

(X\V)\{p) ¥= 0.  Let jc(c) = p and choose a set V(c) G 1/ with x(c) E V(c).

Clearly, (1), (2), and (3) hold for all a < c.

Thus the set {x(a)} is uncountable. Appealing to Lemma 3.2, we obtain a

contradiction.

Lemma 3.4. Let X be a Tx-space.  The following are equivalent.

(a) Each discrete subspace of X is countable.

(b) Each open subspace of X is t*,x-compact.

Theorem 3.5. Let X be an F-space.  Tlte following are equivalent.

(a) Each discrete subspace of X is countable.

(b) X is hereditarily Lindelöf.

Proof. By Theorem 2.9, every open subspace of an F-space is an F-space,

so by Theorem 3.3 and Lemma 3.4, it follows from (a) that every open subspace

of X is Lindelöf.

Corollary 3.6. Let X be a perfect F-space.   Tlie following are equivalent.

(a) Each discrete subspace of X is countable.

(b) X is a Lindelöf space.

(c) Xis t^x-compact.

In [AU] Alexsandrov and Urysohn proved that every perfect compact Haus-
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dorff space has no more than exp(N0) closed sets. For neighborhood F-spaces,

a similar result is true.

Corollary 3.7. Let X be a perfect neighborhood f-space.

(a) If X is a Lindelöf space, then X has no more than exp(K0) closed sets.

(b) // exp(N0) < exp(N,) and if X lias no more than exp(N0) closed sets,

then X is a Lindelöf space.

Proof, (a) is a corollary to [S, Theorem 4]. For (b), we observe that if

D is a discrete subspace of X, then the mapping Y —► Y is one-to-one on f\D)

and hence D cannot be uncountable.

In the next three theorems, Theorems 3.3 and 3.5 will be used to obtain

some characterizations of separable and hereditarily separable neighborhood F-

spaces.

Theorem 3.8. Let X be a Lindelöf neighborhood f-space which has at

most countably many isolated points.   Then X is separable.

Proof. Let F be a neighborhood F-system for X. We will find a countable

dense subset of X.

For each m EN there exists a countable subset D(m) of X such that X =

U(interior of B(m, d)\d G D(m)}. Let / be the set of isolated points of X, and

let D = /U \J{D(m)\m G N}. Then D is countable. It is also dense.

For suppose that there exists a set B(n, x) such that B(n, x) O D = 0. Let

i G N be provided by condition (in) of the definition of an F-system, where (iii)

is applied to the point x and the closed set F = D. Because x $ I, there is a

point y in the interior of F(i, x) with y # x.  Let k be as in condition (üi), and

choose z E {x, y} with z £ B(k, F). Then D(k) CF,soXC B(k, D(k)) C B(k, F)

C X\{z}, which is a contradiction.

The space \¡j in Example 3.12 is a separable neighborhood F-space that is

not Lindelöf; however, as hereditary properties for neighborhood F-spaces, sepa-

rable and Lindelöf are equivalent concepts.

Theorem 3.9. Let X be a neighborhood f-space.  The following are equiv-

alent.

(a) X is hereditarily Lindelöf.

(b) X is hereditarily separable.

(c) X is perfect and Lindelöf.

Proof. In any space, (c) implies (a).

If X is hereditarily separable, then each of its discrete subspaces is count-

able, so by Theorem 3.5, X is hereditarily Lindelöf.

To see that (a) impües (b) and (c), consider any subspace Y of X. By

Theorem 2.9(a), y is a neighborhood F-space. Since X is hereditarily Lindelöf,
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Y is Lindelöf, and Y has at most countably many isolated points. Thus Y is

separable by Theorem 3.8.

To establish (c), we need to prove that a closed subset F of X is a G6.

Since every F-space is Tx, it suffices to prove that the set

/ = ( fi {interior of B(n, F)\n E N})\F

is countable (where F is a neighborhood F-system for X).

Suppose that / is uncountable. By (a), there exists a limit point p of /.with

p E I, and because each F(«, p) is a neighborhood of p, it foUows that each B(n, p) f~l

(I\{pY) ¥= 0. Let / G N be as in condition (iii), where (iii) is applied to the

point p and the closed set F. Next choose a point q E B(i, p) n (I\{p}). Then

for some k E N, {p, q} <£ £(A:, F), which contradicts the fact that {p, q) C /.

Theorem 3.10. Let X be a separable F-space, and assume that exp(N, ) >

exp(K0).

(a) If X is normal, then X is Lindelöf.

(b) If X is completely normal, then X is hereditarily Lindelöf.

Proof. In [J, Theorems 3 and 4] F. B. Jones proved that if exp(N,) >

exp(X0) and if a Tx -separable space X is normal (completely normal), then X is

Nj -compact (every discrete subspace of X is countable). Now apply Theorems

3.3 and 3.5.

We conclude this section with some results concerning compact F-spaces.

Theorem 3.11. Every countably compact F-space is compact.

This is an immediate consequence of Theorem 3.3 and the fact that every

countably compact space is X,-compact.

Example 3.12. A condition known to be impUed by countable compact-

ness, equivalent to it in normal spaces, and equivalent to pseudocompactness in

completely regular spaces is feeble compactness-the requirement that every lo-

cally finite family of open sets be finite. The space \¡i in [GJ, 51] shows that in

Theorem 3.11 countable compactness cannot be weakened to feeble compactness

even for a locally compact zero-dimensional Moore space (R. W. Heath has in-

formed the authors that several others have noticed that ^ is a Moore space; e.g.,

see [G2]).

For symmetrizable spaces, Theorem 3.11 is due to Nedev [Nl]. Further-

more, he proved the following.

Theorem 3.13 (S.Nedev). Every symmetrizable "Ax-compact space is

hereditarily Lindelöf, and every Hausdorff symmetrizable countably compact

space is metrizable.

The second statement of Theorem 3.13 is an immediate consequence of the

first statement and the result of Arhangel'skiî [A2, pp. 126-127] that every com-
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pact Hausdorff symmetrizable space is metrizable.  For a proof of the first

statement, based on Theorem 3.5, assume that JTis a symmetrizable X,-compact

space with symmetric d (and with B(n, x) = {y\dix, y) < l/n}) in which there is

an uncountable discrete subspace D. Then for some k G N there exist an un-

countable B-k discrete subset Y of D and a family 1/ of open subsets of X such

that each B(k, y),y EY is contained in some member of 1/ and each member of

1/ contains exactly one point of Y. By Lemma 3.1, Y is not closed, so there ex-

ists a point x G X\Y such that B(n, x)nY¥=0 for every « G N. From this it

follows that x is a Umit point of Y. But if y is any point of Y for which y G

B(k, x), i.e., for which d(x, y) < l/k, then x G B(k, y), so there is an open set

KG 1/ with x EV and V(~\ Y finite, which is impossible.

The compact Hausdorff space F in Example 2.4 shows that the first state-

ment in Theorem 3.13 does not extend to F-spaces, for the closed set [0, 1] x

{ 1} is not a G5. One can, however, obtain the foUowing result (which partiaUy

answers Arhangel'skiFs question [A2] as to whether or not every weakly first

countable, compact Hausdorff space is first countable).

Theorem 3.14. Every compact Hausdorff f-space X is first countable

(and hence is a neighborhood f-space).

Proof. Let p G X. We wish to prove that p has a countable neighborhood

base.

Since X is compact Hausdorff, it suffices for us to prove that its subspace

y = X\{p} is Lindelo'f. According to Theorem 2.9, the open subspace Y is an

F-space, so by Theorem 3.3 we only need to show that Y is S,-compact.

Now suppose / is an infinite subset of Y which has no limit point in Y.

Then / is a discrete subspace of X and / = / U {p} is just the one-point compac-

tification of the space /. Thus / is a Fréchet space. Since 7 is also an F-space

by Theorem 2.9(b), it foUows from Theorem 2.6(c) that 7 is first countable. Thus

/ must be countable.

Corollary 3.15. Let X be a compact Hausdorff f-space.  The following

are equivalent.

(a) X is perfect.

(b) X is hereditarily separable.

(c) X is hereditarily Lindelöf.

(d) Each discrete subspace ofX is countable.

For arbitrary compact Hausdorff spaces, (a) =» (b) and (d) ■» (b) are indepen-

dent of ZFC [T], and the one-point compactification of a space in [JKR] shows

that neither (d) =* (c) nor (b) => (c) is provable in ZFC. The next examples show

that X must be T2 in 3.14 and 3.15.

Example 3.16. Let F be as in Example 2.5, and let H* be the one-point
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compactification of H. Then H* is not first countable, but it is shown in [FH]

that H* is symmetrizable (and that compact subsets of H* are closed).

While (a), (b), and (c) hold for H*, the compact symmetrizable space C

in Example 2.13 satisfies (b) and (c) but not (a).

Corollary 3.17. Let X be a compact Hausdorff F-space which has at

most countably many isolated points.  Then X is separable.

4. Perfect compact Hausdorff F-spaces. The purpose of this section is to

provide examples to show that there does not exist a universal perfect compact

Hausdorff F-space.

By a universal perfect compact Hausdorff space (F-space) U we just mean a

perfect compact Hausdorff space (F-space) such that every perfect compact Haus-

dorff space (F-space) is homeomorphic with a subspace of U. Thus we will prove

that there is no F-analogue of the theorem that every compact metrizable space

is homeomorphic with a subspace of the Hilbert cube.

The theorem that there exists no universal perfect compact Hausdorff space

is due to Filippov [Fl]. He estabUshed the result by showing that there is a

family W of perfect compact Hausdorff spaces such that I W| = exp(exp(N0)) and

no two spaces in M are homeomorphic. Then he appealed to the fact that no

perfect compact Hausdorff space {/can have more than exp(N0) closed subspaces.

It follows easily from proofs in §6 that the spaces in the family W are not

F-spaces. We wiU construct some spaces similar to FiUppov's and use a different

method to obtain the foUowing theorem.

Theorem 4.5. There exists a family L of perfect compact Hausdorff F-

spaces such that | L I > exp(X0) and no two spaces in L are homeomorphic.

Therefore, there exists no universal perfect compact Hausdorff F-space.

Lemmas 4.1—4.4 provide a proof of Theorem 4.5.

Let / = [0, 1], and let L and B be as in Example 2.3. Then L = I x {0,1},

and for « G N and jc G /,

B(n, (jc, 0)) = {(x, 0)} U (L n ((jc - 1/«, jc) x {0, 1})),

B(n, (jc, 1)) - {(jc, 1)} U(tfl ((jc, x + 1/«) x {0, 1})).

For a set M C /, denote by L(M) the quotient space of L obtained by identifying,

for each m EM, the points (m, 0) and (m, 1). The natural mapping of L onto

L(M) wiU be denoted by pM or, if no confusion is possible, just p. Likewise, the

natural mapping of L(M) onto / wiU be denoted by qM or q. Thus q identifies,

for each jc G I\M, the points p((jc, 0)) and p((x, 1)). We define B': N x L(M)

-* KL(M)) as follows.  For each n E N, jc G /, and s G {0, 1},

B'(n, p((x, s))) = U {pWn, (jc, î)))|(jc, f) G p((x, s))}.
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Let us make some observations about L(M).

Lemma 4.1. (a) B' is a neighborhood f-system for the space L(M). More-

over, each B'(n, p((x, s))) is an open set.

(b) L(M) is compact, hereditarily Lindelöf, and Hausdorff.  Thus p is a

closed mapping.

(c) 77ie subspace p(M x {0,1}) of L(M) is homeomorphic with the sub-

space M of I.

(d) The mappingp carries L\(M x {0,1}) homeomorphically onto

L(M)\p(M x {0, 1}).

(e) No uncountable subspace ofL(M)\p(M x {0, 1}) is metrizable.

Proof, (a) For x G I\M, each p-l(B'(n, p((x, s)))) = B(n, (x, s)), and for

x EM,p~l(B'(n, p((x, s)))) = B(n, (x, 0)) U B(n, (x, 1)). Thus each

F'(«, p((x, s))) is open in L(M). The proof that B' is an F-system is similar to

the one needed in Example 2.3.

(b) Since p: L —> L(M) is continuous, ¿(Af) is compact and hereditarily

Lindelöf.

For x G I\M, each B'(n, p((x, 0))) n B'(n, p((x, 1))) = 0, and for x.yEl,

s.tE {0, 1}, and m E N with l/m < |x -y |, we have B'(2m, p((x, s))) n

B'(2m, p((y, t))) = 0. Thus L(M) is Hausdorff, and p is a closed mapping.

(c) The mapping q: L(M) —► / is closed, and since q \p(M x {0, 1}) is one-

to-one and piM x {0, 1}) = q~liM), it foUows that (c) holds. Sirnilarly, one

obtains (d).

(e) By (d), an uncountable subspace of L(M)\p(M x {0, 1}) is homeo-

morphic with an uncountable subspace Z of L\(M x {0, 1}), and for some s G

{0, 1}, Y = Z O (/ x {s}) is uncountable. Clearly, Y is homeomorphic with an

uncountable subspace of the Sorgenfrey Une S. The argument given in the last

paragraph of §2 shows that no uncountable subspace of S is metrizable. Thus Z

cannot be metrizable.

Lemma 4.2. Suppose that M and M1 are subsets of I such that L(M) and

L(M>) are homeomorphic, and |M| = |Af| = exp(N0). Then there exists a con-

tinuous mapping f: L(M) —*■ I such that \fipMiM x {0,1}))| = exp(N0) and

fipMiM x {0,1}))W is countable.

Proof. Let h be a homeomorphism of LiM) onto ¿(Af1). By Lemma

4.1(c), h(pM(M x {0, 1})) is metrizable, so applying Lemma 4.1(e) to the space

L(M>), one sees that h(pM(M x {0, 1 }))\pM<(M' x {0, 1}) is countable. The

mapping/= q^ ° ft thus has the desired properties.

Lemma 43 ([GJ, 12B] ). 77iere exisrs a family M of subsets of I such that
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1 Ml > exp(K0), \M\ = exp(«0), and\MC\M\< exp(N0) whenever M, M G M

with M^M1.

Lemma4.4. Let ME M, and let E = {EE U\L(M) and L(E) are homeo-

morphic}.  Then | El < exp(N0).

Proof. Let C = {/: L(M) —► /|/is continuous}, and note that because

L(M) is separable, |C| < exp(K0). For each E E E there exists by Lemma 4.2 an

fE G C such that \fE(pM(M x {0, 1}))| = exp(«0) and fE(pM(M x {0, 1}))\F

is countable. Now for any E, E' E E, if fE = fg, then it follows that the set

E D É has |F n F'| > exp(N0), but since E C M, the latter implies that E = E'.

Thus the mapping E —+ fE is one-to-one and I El < |C|.

Proof of Theorem 4.5. To complete the proof, one now proceeds as in

[Fl]. Let L be a family of spaces in {L(M)\ME M} obtained by selecting one

member from each homeomorphism class. Since |MI > expiN0), it follows from

Lemma 4.4 that | LI > exp(N0).

5. A separable compact Hausdorff F-space that is not hereditarily separable.

An example will be given to show that Theorems 3.8 and 3.9 cover distinct fam-

ilies and also to show that the first statement in Theorem 3.13 does not hold for

aU separable F-spaces.

In the foUowing, / denotes the open interval (0, l), Dis the discrete space

{0, 1, 2}, and K is the farmly of aU nondecreasing mappings ofJ into D, with the

topology of pointwise convergence. Thus K has the topology it inherits as a

closed subspace of the product space F = {/I/: / —► D], and so K is compact and

Hausdorff. We wiU be interested in a certain subspace M of A'. Let us indicate

which points of K are in M and how they will be denoted.

For / G {0, 2}, c¡ is the constant function in K whose value is /.  For f G

/: a*, at denote the {0, 2} valued functions in A' such that for each x E J, at(x) =

2 if and only if jc > t, and af(jc) = 0 if and only if jc < f ; and the symbol at de-

notes the function in K such that for each x EJ,at (jc) = 1 if and only if jc = f.

If k, n E N with 1 < k < 2", then akn is the function in K defined by the rule

«Ant» = 1 if and only if jc G [(A: - l)/2", k/2n]. Let M be the set of all such

functions c¡, a', at, at, and aA:n, with the subspace topology.

Theorem 5.4. The space M is a separable compact Hausdorff F-space in

which there is a discrete subspace of cardinality exp(N0).

The proof of Theorem 5.4 is provided by Lemmas 5.1-5.3.

Lemma 5.1. (a) 77ie set Y = {akn \k, n G N, 1 < A: < 2"} is a countable

dense subset ofM.

(b) {at \t E J] is a discrete subspace of M having cardinality exp(K0).

The proof is straightforward.
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Lemma 5.2. (a) 77ie set T= M\Y, where Y is as above, is compact.

(b) M is compact.

Proof, (a) It is easy to see that V = {/G K\ I/"'(01 > 2} is an open

subset of the compact space K and that T = K\V.

(b) Since M is the union of the compact set T and the countable set Y,

Mis a Lindelöf space. Thus, to prove that M is compact, it suffices to prove that

an infinite subset F of y has a limit point in T.

Let us first observe that

(#) for any e > 0, {/G Y\ (length of /_1(1)) > e} is finite.

If there exists t EJ with the set Zt = {/G F|/(f) = 1} infinite, then it fol-

lows from (#) that the function at is a limit point of Zt and hence of F. If not,

then for each /G F choose t(f) G/_1(l), and let C = {t(f)\fE F}. Now C is

infinite and has a limit point p E [0, 1]. If p = 0 (p = 1) then by (#), c2 (c0)

is a Umit point of F. If p EJ and p is a limit point of C n [p, 1) (C O (0, p] ),

then one can show that a   (ap) is a limit point of F.

A neighborhood F-system F for AÍ will now be defined. Let n E N and

fEM. Then B(n, f) is the set of all functions g EM such that:

(a) for each k E N, if 1 < k < 2", then g(k/2n) = f(k/2n);

(b) for each x G J, if x is a point of discontinuity of/, then g(x) = /(x);

and

(c) if g ¥= /, then # <£ {ap<? |p, g G N, ? < n, and 1 < p < 2"}.

Lemma 5.3. 77ie mapping B is a neighborhood f-system for the space M.

Proof. Clearly, for fEM, each B(n + 1, /) C F(n, /), and {/} =

f]{B(n, f)\n G N}. Furthermore, each B(n, f) is an open-and-closed subset of

Af, for A = {apq EM\{f}\p, q EN,q <n, and 1 <p < 2q} is a finite set of

isolated points of M, and F(«, /) is the intersection of AfV4 with the following

open-and-closed set of the product space P

rií^-Hí/w})},
where t ranges over the finite set {k/2n |1 < k < 2", k E N} U {r|/has a discon-

tinuity at t}. Since the space M is compact by Lemma 5.2, any filter base of

open-and-closed sets whose intersection is one point is a neighborhood base for

the point. Thus (i) and (ii) hold.

To show that (üi) is satisfied, it suffices to prove that for /G Af, n G N, and

the closed set F = M\B(n, f), there exists i G N for which the conclusion of (iii)

holds. Consider the different possibilities for /, where / G {0, 2} and t EJ:

(1) fEY; (2) f=Cj; (3) /=ar; (4) /=a,;and (5) /=a'.

(1) In this case, it follows from (b) and (c) of the definition of F that if

/= apq, then B(q, /) = {/}. Thus (hi) holds vacuously.
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(2) Since /= cy has no discontinuities, if a function g G M is in F, i.e., if

g fails to be in B(n, f), then either g E Y or there must exist 1 < k' < 2" with

g(k'/2")¥=f(k'/2"). In either case, we obtain /£ Fin, g). Thus (hi) is satisfied

if A: = / = n.

(3) Here /= at and t EJ, so we may select an / G N such that / > «, and

for some k', k" E N, k'121 < t < k"/2' < 1. Now note that for every « G B(i, /) the

following hold: by (a) and (b), h must map / onto D; and by (b), « =£ at' for any

f' * f. So F(i, /)\{fl C Y.

Consider an arbitrary function apq G B(i, f)\ {/}. By (c), for every

g G M\{apq}, apq £ Ffa, g). Hence aptf £F(c7, F), and (iii) is satisfied for k = q.

Since cases (4) and (5) are similar, we will just show that (iii) is satisfied

for a function / = at.

(4) Choose / G N so large that / > «.

Let « G B(i, f)\{f}. Then whatever type of function « is, one can at least

conclude that for some f' > f, h(t') = 0. Choose m E N for which there exists

k' E N with f < A:72m < f'.

Let g E F. If g fails to be in B(n, f) because of (a), then « £ B(n, g). If

g fails to satisfy (b), then h £ F(iw, g). IfgE {apq \q < «}, then « $B(n, £).

Thus we may take k = max {am, «}, and that completes the proof.

Remark 5.5. Several of the examples given in previous sections are ordered

spaces. The space M is not, for it is known that no separable completely normal

Tx -space can have a discrete subspace of cardinality exp(K0) (see [J, Theorem 2]).

6. Products of F-spaces. SemimetrizabiUty is known to be countably pro-

ductive. We will consider some suitable restrictions under which symmetrizability

is countably productive, and also under which necessary and sufficient conditions

can be given that a product space be an F-space.  In view of the following result,

we will only consider products of countably many factor spaces.

Theorem 6.1 (J. Novak [N3]). LetX= Tl{Xa\aEA}, whereeachXa is

a Tx-space, and suppose that X is a sequential space.  Then the set C =

{a E A | \Xa | > 1} is countable.

A short proof can be obtained as follows:  Suppose that C is uncountable.

Then the product space F = {f\f: Nj —*■ {0,1}}, where {0,1} has the discrete

topology, is homeomorphic with a closed subspace of X, and so F must be a

sequential space. But D = {fE P\f~l(l) is countable} is a sequentially closed,

proper dense subset of F.

Notation.    In a product space X = ÏI Xn, the projection mapping of X on-

to Xn will be denoted by jt„, and for a pointx EX,x(n) wiU be denoted by jc„.

For a sequence s of points of X, we wiU write s" for s(n). An F-system on Xn

will be denoted by F".
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Lemma 6.2. Let X=U{Xn\nE N}, where for each n E N, Bn is an F-

system for Xn that satisfies (*). For x EX and i G N, let

B(i, x) m flÍTrr » (ff (i, Xj)) \j E N andj < /},

and suppose that Y is a sequential subspace of X.  Then BY satisfies (*) and con-

ditions (i) and (ii) of the definition of an f-system.

Proof. Obviously BY satisfies (i).

Now a sequence {x"} in X converges to a point x G X if and only if each

xn —+ Xj, and similarly, one can show that {x"} F-converges to x if and only if

each {x"} F-converges to x¡. Since each F' satisfies (*), it thus foUows that BY

also satisfies (*).

Because each B' satisfies (ü), it is easy to see that for every basic open set

F of A" and point y G V n Y, there exists i G N with BY(i, y) C V n Y.

Let F be a subset of Y such that for each y G Y\F there exists n E N with

BY(n, y)C\ F = 0. Then no sequence in F can F-converge to a point in Y\F,

and since BY satisfies (*), it foUows that no sequence in F can converge to a

point in Y\F. Thus F is a sequentiaUy closed and hence closed subset of Y.

Theorem 6.3. Let X = Il{Xn \n G N}, where each space Xn admits a

symmetric satisfying (*).   The following are equivalent.

(a) X is a sequential space.

(b) X is symmetrizable.

Proof. Every F-space is sequential. Conversely, suppose that each Xn has

an F-system Bn satisfying (*) and (iii)'. Let F be as in Lemma 6.2. Then ob-

viously F satisfies (iii)', so X is symmetrizable via B.

Next we obtain a useful characterization of symmetrizable spaces (which

may be known). First a definition is needed.

We wiU say that an F-system F for a space X satisfies (m)" provided that

for each closed set F C X and for each point x G X\F, there exists fc G N such

that x£F(ifc, F).

Lemma 6.4. Let X be a topological space, and suppose that there exists a

mapping B: N x X —* f\X) satisfying conditions (i), (U), and (Ui)". Then X is

symmetrizable.

Proof. For xEX, let d(x, x) = 0, and for y G X\{x}, let

dix, y) = l/min{« |x £F(«, y) and y £ Bin, x)}.

Then d(x, y) > 0, d(x, y) = d(y, x), and d(x, y) = 0 if and only if x = y.

Let F be a closed set and x G X\F. We must show that d(x, F) > 0. By

hypothesis, there exists k E N such that x G' B(k, F). Choose m E N so that

m > k and B(m, x)nF= 0. Then d(x, F) > \\m > 0.
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Conversely, let G C X, and suppose that for each x EX\G there is a A:(jc)

G N with d(x, G) > l/k(x). Then X\G = \J{B(k(x), x)\x E X\G}, so G is a

closed subset of X.

Remark 6.5. It is interesting to observe that in Lemma 6.4 one can re-

place the requirement that F satisfy (hi)" by the requirement that there exist a

countable set C C X such that for each closed set F C X and jc G X\(C U F), jc $

fl{B(k, F)\k G N}.  For, if C = {c,\i G N} and B'(n, x) = {jc} U

(B(n, x)\{c¡ \i < «}), then F' satisfies (i), (ii), and (hi)". Thus, for example, a

countable, weakly first countable F,-space is symmetrizable.

Lemma 6.6. Let X be a topological space, and suppose that, for each j E N,

ff is an F-system for X satisfying (*). If X is not symmetrizable, then there exist

a closed set FC X and a point x E X\F such that x E f) {Bl(k, F) \j, kEti}.

Proof. Let F = {f\f: N —► X), with the product topology, let F be as in

Lemma 6.2, and denote the set of constant functions in F by Y. Then Y is

homeomorphic with X, so y is a sequential space, and BY is an F-system for Y

by Lemma 6.2.

For jc G X and « G N, define B'(n, x) = Ç\{B>(n, x)\j G N, / < n) and note

that each B'(n, jc) = irx(BY(n, {jc})). Thus B' is an F-system for X, so by Lemma

6.4 there exist a closed set F C X and a point jc G X\F such that jc G

[C\{B(k,F)\kEti}.

Let us show that jc G Ç\{ff(k, F)\j, k E N}. If/, k E N and / < k, then

jc G B'(k, F) C F'(A:, F). If/, k E N and / > A:, then jc G B'(J, F) C É(j, F) C

W(k, F).

Theorem 6.7. Let X be a topological space, and let T= {0} U {1/«I«GN}

have its usual topology. If the product space X x T admits an F-system satisfying

(*), then the space X is symmetrizable.

Proof. Let us assume that X is not symmetrizable but that X x T admits

such an F-system B.

For each f G T, Yt = X x {f} is a closed subspace of X x T, so F induces

on Yt an F-system satisfying (*). Then

Bt(n,x) = TTl(BYt(n,(x,t)))

is an F-system for X that satisfies (*).

Since T is countable, Lemma 6.6 impUes that there exist a closed set F C

X and a point jc G X\F such that jc G f) {B*(k, F)\tET, kEti}. From this it

foUows that, for every t ET,

(#) (JC, f) G fi {B(k, F x {t})|k E N}.

Let us now consider the closed set F x T and the point (jc, 0) G
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(X x T)\(F x T).   Since F is an F-system for X x T, we may let i be

as in condition (iii). Then (x, l/n) —* (x, 0), and F satisfies (*), so for some n

E N, (x, l/n) G B(i, (x, 0)). By (in), there is a k E N with {(x, 0), (x, l/n)} <t

B(k, FxT), but by (#), {(x, 0), (x, l/n)} C B(k, F x {0}) U B(k, F x {l/n}),

so we have a contradiction.

Corollary 6.8. Let Xbe a Hausdorff space, and let T be as above. The

following are equivalent.

(a) X x T is an f-space.

(b) X is symmetrizable.

(c) X x T is symmetrizable.

Proof. By Theorem 2.6, any F-system for X x T must satisfy (*), so (a)

implies (b). That (b) implies (c) is a consequence of Theorem 6.3 and the weU-

known fact that the product of two Hausdorff sequential spaces, one of which is

locally compact, is a sequential space.

Corollary 6.9. A Hausdorff f-space X is symmetrizable if it is a product

of two nondiscrete spaces.

Proof. Suppose that X = Y x Z, and neither Y nor Z is a discrete space.

Since Z is homeomorphic with a closed subspace of X, Z is a sequential

space. Thus there exists a subset of Z which is not sequentially closed, and from

this it follows that the Hausdorff space Z has a closed subspace T homeomor-

phic with T. Then Y x T is closed in X and hence is an F-space, so by Corol-

lary 6.8, y is symmetrizable. Similarly, one proves that Z is symmetrizable. Now

X = Y x Z is a sequential space which is a product of symmetrizable spaces, so

by Theorem 6.3, X is symmetrizable.

We wül conclude the paper by showing that there exists a regular Lindelöf

symmetrizable space whose product with Q is not symmetrizable. (The result

that there exists a sequential space, namely Q' = the quotient space of Q ob-

tained by identifying the integers, such that Q' x Q is not a sequential space, is

due to S. P. FrankUn [F2, Example 1.11] ; however, the space Q' cannot be used

here, for one can show that Q' is not weakly first countable.) We will also obtain

a symmetrizable space analogue of the well-known Boehme-Michael theorem

[Bl], [M] that a regular Tx sequential space X is locaUy countably compact if

and only if for every sequential space Y,X x y is a sequential space (a similar

theorem concerning J2-net spaces is obtained in [Gl]).

Notation.  In the lemmas below, W wiU denote the set {0} U N U

{m + l/n \m, n E N}, with the topology it inherits from the space H in Example

2.5. Note that W is a closed subset of F and hence is a regular Lindelöf sym-

metrizable space.
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Lemma 6.10. Let R be a first countable Hausdorff space for which P =

W x F is a sequential space.  Then R is regular and locally countably compact.

Proof. Let p E R and let { Vm \m E N} be a neighborhood base for p

such that each Vm D Vm + 1.

If there is a neighborhood V of p which contains no closed neighborhood

of p, then for each m G N there is a sequence {ymn I« G N} in Vm\{p} which

converges to a point qm of R\V. In this case define

A = {(m + Un, ymn)\m, n G N, n > 2} U {(m, am)|m G N}.

If, instead, every neighborhood of p contains a closed neighborhood of p,

and no neighborhood of p is countably compact, then for each m there is a se-

quence {ymn \n E N} in Vm\ {p} having no cluster point in X, and one can

define

A = {(m + Un,ymn)\m, n E N, n > 2}.

In either case, the point (0, p) E A\A, so A is not a closed subset of F. On

the other hand, A is clearly a closed subset of F\{(0, p)}, so if F were a sequen-

tial space, then there would exist a sequence {a"} in A with a" —* (0, p). Be-

cause (in the first case) p has a neighborhood V with K O {<7m |m G N} = 0, it

would follow from the relation a" —*p that in either case {a"} is eventually in

W\Z, in contradiction of the fact (noted in Example 2.7) that no sequence in

H\L can converge to 0.

The next lemma is to be compared with [F3, Proposition 7.3].

A point jc of a space X wiU be caUed a regular G6 if there exists a sequence

{Vm \m E N} of neighborhoods of jc with {jc} = {Cl*^ \m E N}.

Lemma 6.11. Let X be a symmetrizable space in which each point is a

regular G6.   Then the following are equivalent.

(a) X is first countable.

(b) W cannot be embedded homeomorphically in X as a closed subset.

Proof. Because 0 does not have a countable neighborhood base in W, (a)

impUes (b).

Conversely, suppose there is a point xEX which has no countable neigh-

borhood base. Let d be a symmetric for the space X. Then for some e > 0, x

is not in the interior of S = {y G X\d(x, y)<e}. Let F = {y G X\d(y, X\S) = 0}.

Since x $F,F cannot be a closed set, for, otherwise, X\F would be an open set

with jc G X\F C S. Thus there is a point z G X\F with d(z, F) = 0. Because z

is a regular G6, one can find a subset of F n 5, indexed in a one-to-one way as

{fm \m G N}, and a decreasing sequence { Vm \m G N} of open neighborhoods of

z such that {z} = C\{C\Vm\mEti} and for each m, d(z, fm) < l/m and fm G

FOT \C1 FOT+,. From this and the relations fm E S and rf(/m, ZVS) = 0, it fol-
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lows that for each m there is a subset of Vm\(Cl Vm + X U S), indexed in a one-

to-one way as {cmn \n E N, n > 2}, such that d(fm, cmn) < l/n.

Let

C = {z} U {/m | m E N} U {cmn\m, n E N, n > 2}.

We wiU prove that C is a closed subset of X which, with the subspace topology,

is homeomorphic with W.

To see that C is closed, it suffices to observe that for each m, Km =

{f¡\i < m} U {cin \i < m} is a compact subset of the Hausdorff space X, and so

C=r){KmUClVm + x\mEN}

is an intersection of closed sets.

Now consider the subspace topology on C. Because the sets Km\Cl Vm+X,

m EN, are pairwise disjoint, each set {/m} U {cmn\n >2} is a clopen subset of

Cwhich is homeomorphic with the clopen subspace {m} U {m + l/n\n > 2} of

the space W. Since d(z, fm)<l/m and d\C x C is a symmetric for the subspace

topology on the closed set C, every neighborhood V of z in C contains a set of

the form U = {z} U {fm \m > k} U {cmn \m>k,n> q(m)}.

Conversely, every set of the form U must be open in C, for U D

{y G C|d(z, y) < min{l/fc, d(z, X/S)}}, and obviously for each point x G U\{z}

there is a g > 0 with UD{yE C\d(x, y) < g}. Thus C is homeomorphic with W.

Theorem 6.12. Let X be a symmetrizable space in which every point is a

regular G6.  The following are equivalent.

(a) For each space Y, if Y is symmetrizable via a symmetric satisfying (*)

(e.g., if Y is Hausdorff), then X x Y is symmetrizable.

(b) X x WandXxQaresymmetrizable.

(c) X is locally compact.

Proof. Obviously (a) impUes (b).

Let us suppose that (b) is true. If X faÜs to be first countable, then by

Lemma 6.11 there is a closed subset C of X such that C is homeomorphic with

W. But then C x Q is a closed subset of the sequential space X x Q and hence

must be sequential, whereas according to Lemma 6.10, C x Q is not a sequential

space. Thus X is first countable and Hausdorff, and so by Lemma 6.10 it is also

regular and locally countably compact. Hence (c) holds.

We recaU that in a Tx sequential space countable compactness impUes se-

quential compactness by a result of S. P. Franklin, and by a theorem of Boehme

the product of a sequential space and a regular, locaUy sequentially compact se-

quential space is a sequential space. Therefore, (c) impUes (a).
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